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Abstract    Automated conjecturing and theorem finding represents a fundamental challenge in artificial intelli-
gence, involving the systematic generation of mathematical conjectures and theorems from given axioms and defi-
nitions. This survey provides an overview of automated conjecturing and theorem finding methods. We catego-
rize existing approaches into symbolic methods and data-driven methods. Symbolic methods, which include top-
down lemma discovery and bottom-up theory exploration, leverage deductive reasoning and symbolic enumera-
tion. Data-driven methods comprise statistical analogy learning and recent neural methods based on large lan-
guage models, which learn patterns from large formal corpora, and also include efforts in scientific discovery from
experimental data and theorem generation for synthetic data. We also discuss strategies and evaluation methods
of interestingness. Finally, we identify current challenges and suggest some future research directions. This com-
prehensive analysis aims to guide researchers in understanding the current state of automated conjecturing and
identifying opportunities for advancing this critical area of mechanized mathematics and automated reasoning.

Keywords    automated conjecturing, theorem finding, automated theorem proving, neural-symbolic  method,
theory exploration

 

 1    Introduction

Automated reasoning is an important area in arti-

ficial  intelligence  (AI).  A  major  research  problem  in

this area is Automated Theorem Proving (ATP). Giv-

en  a  set  of  axioms  and  assumptions,  an  automated

theorem  prover  tries  to  find  a  formal  proof  which

shows  that  a  given  conjecture/theorem  can  be  de-

duced logically  from the axioms and assumptions.  In

recent  years,  automated  reasoning  has  experienced  a

significant  resurgence,  largely  driven  by  advances  in

large  language  models  (LLMs)  and  their  emergent

reasoning capabilities. This has once again made it a

frontier of AI research.

Before proceeding, it is important to formally dis-

tinguish  between  two  fundamental  concepts:  theo-

rems  and  conjectures.  A  theorem  is  a  mathematical

statement that has been rigorously proven to be true,

based  on  a  set  of  axioms  and  previously  established

theorems. In contrast, a conjecture is a mathematical

statement that is proposed as potentially true but has

not yet been formally proven.

A conjecture or theorem is the target of the theo-

rem prover.  Where  does  it  come from? Usually,  it  is

given by an experienced researcher (like a mathemati-

cian). But can we find interesting conjectures or theo-

rems automatically? We call this problem automated

conjecturing  or  theorem finding[1].  The  two problems

are different because a conjecture may not necessari-

ly be a theorem. However, if we have a set of conjec-

tures, we can try to prove them using automated the-

orem provers. For convenience, we sometimes consid-

er both problems as automated conjecturing.

There are many methods for automated conjectur-

ing  and  theorem  finding.  Some  are  general-purpose,

and some are restricted to certain domains. Some ap-

proaches  are  symbolic,  based  on  logic  systems;  while

others  use  machine  learning  techniques  (like  neural
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networks) to learn numerical or semantic information

from data.  To  provide  a  systematic  organization,  we

categorize  existing  methods  into  two  fundamental

paradigms:  symbolic  methods  and  data-driven  meth-

ods. Symbolic methods operate on formal logical sys-

tems,  generating  conjectures  through  symbolic  enu-

meration or deductive reasoning from axioms and def-

initions,  without requiring training data.  In contrast,

data-driven  methods  leverage  characteristics  learned

from  data  (numerical  experiments,  formal  proof  cor-

pus)  using  statistical  analogy  learning  or  neural  net-

works. This survey gives an overview of research work

based on this taxonomy.

The paper is organized as follows. Section 2 intro-

duces  background  knowledge. Section 3 reviews  sym-

bolic  methods  for  automated  conjecturing,  which  are

categorized  into  top-down  lemma discovery  and  bot-

tom-up  theory  exploration. Section 4 reviews  data-

driven  approaches,  as  well  as  methods  for  synthetic

data  to  address  the  issue  of  data  scarcity. Section 5

presents the strategies for selecting interesting conjec-

tures and the methods for evaluation. Section 6 iden-

tifies  outstanding  challenges  and  suggests  future  re-

search directions.

 2    Background

 2.1    Automated Reasoning

Many general-purpose automated reasoning meth-

ods  and tools  are  based  on  some kind  of  logical  sys-

tem,  including  the  propositional  logic,  the  first-order

(predicate)  logic,  and  the  higher-order  logics.  The

propositional  logic  is  the  simplest.  Many  researchers

have  been  working  on  the  satisfiability  (SAT)  prob-

lem  of  propositional  formulas.  SAT  solvers  can  be

used to prove propositional theorems. It is also inter-

esting to note that, Hao Wang, a pioneer in ATP, de-

veloped  a  program  (called  Program  II[2])  which  was

able to make conjectures expressed in the proposition-

al logic.

A C

A =⇒ C A C

The book by Wos and Pieper[3] gives an excellent

introduction to automated reasoning in the first-order

logic. It shows—through examples and puzzles—how

to prove theorems mechanically on the computer, us-

ing the theorem prover OTTER[4]. Typically, an auto-

mated  theorem  prover  starts  with  a  set  of  assump-

tions or axioms , and tries to prove a conjecture ,

using all kinds of inference rules. If we are successful,

we can establish . If  and  are expressed

as  formulas  in  the  first-order  logic,  an  effective  ap-

A ∧ ¬C ⊥
A

proach  is  to  negate  the  conjecture  and  try  to  show

that  can lead to inconsistency ( ). For sim-

plicity, in this paper, we assume that the set  itself

is  consistent.  Otherwise,  we may need more sophisti-

cated techniques that can be used to perform reason-

ing under inconsistency.

a1

a2 , . . . denote C

For formulas (clauses) in the first-order logic, the

inference rules include binary resolution, hyperresolu-

tion, modus ponens, paramodulation, and so on. Each

rule  takes  one  or  more  formulas  as  input  and gener-

ates  some  formulas  as  consequences. Fig.1 shows  a

proof tree for a typical theorem proving task. Here ,

 axioms/assumptions, and  is the con-

jecture.

  
a1 a2 a3 a4

a5

¬C

f2f1

⊥

Fig.1.  Proof tree.
 

Currently, for the first-order logic, there are many

efficient automated theorem provers which can gener-

ate  such  proof  trees  automatically.  Representative

first-order provers include OTTER[4],  Vampire[5],  and

E[6].

f

∀x∀y(f(x, y) = f(y, x)).

A model of a formula (or a set of formulas) is an

interpretation that makes the formula(s) true. For ex-

ample, suppose  is a binary function symbol, and we

have the formula  The follow-

ing Fig.2 shows a 3-element model of the formula, be-

cause the model is symmetric.

  
f 0 1 2

0

1

2

0 2 1

2 1 0

1 0 2

f(x, y) = f(y, x)Fig.2.  Example 3-element model of formula .
 

C

Informally, a model is a concrete instance of some

logical formula. A theorem is true in all the models of

the  axioms/assumptions.  From the  ATP perspective,

sometimes  the  conjecture  does  not  hold.  In  other

Jian Zhang et al.: Automated Conjecturing and Theorem Finding: A Survey 47



A

A ∧ ¬C
C

words,  it  is  not  a  logical  consequence  of .  Then  a

model  of  would be a counterexample for the

conjecture .  For  satisfiability  modulo  theories

(SMT),  prominent  solvers  include  Z3[7] and  CVC5[8],

which combine decision procedures for multiple theo-

ries. SMT solvers can serve dual roles: they can prove

theorems  by  showing  that  a  formula  is  unsatisfiable,

or  they  can  find  models  (counterexamples)  when  a

formula is satisfiable.

mathlib AFP (Archive of Formal
Proofs)

For higher-order logics, mechanical theorem prov-

ing becomes much more difficult.  Although some au-

tomated theorem provers implement support for high-

er-order logic,  it  is  not easy to come up with a non-

trivial  proof  fully  automatically.  Usually,  the  user

works  with  the  theorem  prover  interactively  to  ob-

tain  a  machine-verified  proof.  This  is  called  Interac-

tive Theorem Proving, also known as proof assistants.

Interactive theorem provers are developed to support

the formal verification of complex mathematical theo-

rems  and  software  systems.  Representative  systems

include  Isabelle/HOL[9, 10],  Coq[11],  Lean[12],  HOL

Light[13],  ACL2[14],  and  Mizar[15].  These  tools  have

been  successfully  applied  to  verify  the  correctness  of

operating system kernels[16], compilers[17], and to prove

challenging  mathematical  results  such  as  the  Four

Color  Theorem[18, 19] and  the  Kepler  Conjecture[20].

Modern  developments  in  proof  assistants  include

large-scale  formal  mathematical  libraries  such  as

Lean's [21], Isabelle's 
①,  and integration with automated reasoning

tools (e.g., Sledgehammer[22] for Isabelle). To prove a

theorem  with  proof  assistants,  mathematicians  may

break  down  this  goal  into  several  sub-goals  or  pro-

vide some good lemmas to the tools to construct com-

plex proofs more easily.

 2.2    Inductive Reasoning and Proof

Techniques

Inductive reasoning is essential in automated theo-

rem proving for recursive data structures and proper-

ties  over  theories  like  natural  numbers  and  trees.

Mathematical  induction  involves  proving  a  base  case

and  an  inductive  step  case.  However,  automated  in-

ductive proofs often fail due to the need for auxiliary

lemmas or appropriate generalization[23, 24].

 2.2.1    Rippling Technique

Rippling[25, 26] guides  the  rewriting  process  in  in-

ductive proofs  by manipulating the inductive conclu-

sion to match the inductive hypothesis. It introduces

special  annotations  to  distinguish the common struc-

ture (skeleton) from the differences (wave-fronts) be-

tween the goal  and hypothesis.  Key concepts include

the following.

1) Skeleton:  the  common  structure  shared  be-

tween the inductive conclusion and the hypothesis;

2) Wave-fronts:  differences  introduced  by  the  in-

ductive step (typically constructors);

3) Wave-rules:  rewrite  rules  that  move  wave-fro-

nts  outward  or  into  arguments  while  preserving  the

skeleton.

(xs++ ys) ++ zs = xs++ (ys++ zs)

x :: xs

For example, when proving list append associativ-

ity ,  the  inductive

step for  yields:
 

((x :: xs) ++ ys) ++ zs = (x :: xs) ++ (ys++ zs).

x ::

xs ys zs

The  wave-fronts  ( )  differ  from  the  hypothesis,

while  the skeleton involves , ,  and .  Applying

append's  definition  as  wave-rules  ripples  the  wave-

fronts outward:
 

((x :: xs) ++ ys) ++ zs → x :: ((xs++ ys) ++ zs),

(x :: xs) ++ (ys++ zs) → x :: (xs++ (ys++ zs)).

Now the inductive hypothesis directly applies to com-

plete  the  proof.  When  all  wave-fronts  have  been

moved to the top level and the skeleton matches the

inductive hypothesis, the term is said to be fully-rip-

pled.  By  tracking  wave-fronts  and  applying  wave-

rules systematically, rippling significantly reduces the

search space in automated inductive proving. Howev-

er,  rippling  may  encounter  blocking  terms  that  pre-

vent wave-fronts from being moved further, requiring

additional techniques such as lemma discovery to pro-

ceed.

 2.2.2    Generalization

Generalization[25, 27] strengthens conjectures by re-

placing specific terms with fresh variables. Sometimes

a conjecture is too specific to be proved by induction,

and it needs to be generalized first.

length(xs++ xs) = 2×
length(xs)

length(xs++ xs)

length((x :: xs) ++ (x :: xs)) = 2×
length(x :: xs)

Let  us  consider  proving 

.  Direct  induction  fails  because  the  induc-

tive  hypothesis  about  does  not

match  the  goal 

.
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xs ys

The solution is to generalize by replacing the sec-

ond  with a fresh variable :
 

length(xs++ ys) = length(xs) + length(ys).

This  stronger  lemma  is  provable  by  induction.  The

proof uses the following rules:
 

(x :: xs) ++ ys = x :: (xs++ ys),

length(x :: xs) = 1 + length(xs).

The inductive proof proceeds as follows:
 

length((x :: xs) ++ ys) = length(x :: (xs++ ys))

= 1 + length(xs++ ys)

= 1 + length(xs) + length(ys)

= length(x :: xs) + length(ys).

ys

xs

The  original  conjecture  follows  by  instantiating 

with . Generalization strengthens the inductive hy-

pothesis, making it applicable in more contexts—cru-

cial for accumulator functions, multi-argument recur-

sion, and properties with specific constants.

 2.3    Large Language Models

Building  upon  the  Transformer  architecture[28],

pre-trained  language  models  have  achieved  unprece-

dented success in natural language understanding and

generation.  GPT  (Generative  Pre-trained  Trans-

former) series[29–31] demonstrate the power of auto-re-

gressive  language  modeling  at  scale,  with  few-shot

learning capabilities across diverse tasks without task-

specific fine-tuning. Recent LLMs have grown to hun-

dreds  of  billions  of  parameters,  trained  on  massive

text corpora. These models exhibit emergent abilities,

such as in-context learning and chain-of-thought rea-

soning[32, 33]. Notable examples include PaLM[34], LLa-

MA[35],  Claude②,  Gemini[36],  and  DeepSeek[37],  each

pushing  the  boundaries  of  language  understanding

and generation.

 3    Symbolic Approaches

In this section, we focus on conjecturing based on

symbolic  methods  in  theorem  proving.  Based  on  the

starting  point  and  direction  of  generation,  symbolic

methods for generating conjectures can be divided in-

to  two  categories[24]:  top-down  lemma  discovery  and

bottom-up theory exploration.

 3.1    Top-Down Lemma Discovery

Top-down  techniques  generate  lemmas  from  an

ongoing  proof  attempt  for  a  theorem  to  be  proved.

These represent goal-directed methods that systemati-

cally derive the auxiliary lemmas needed to prove the

target theorem. Induction in a theorem prover is chal-

lenging, as inductive proofs often need auxiliary lem-

mas. Much of the research effort on lemma discovery

is  driven by the centrality of  lemma discovery to in-

ductive theorem proving.

The discovery of conjectured lemmas can be guid-

ed by rippling and generalization. Some studies about

CLAM[25, 38] propose  to  discover  lemmas from failure

states for rippling, introducing lemma calculation and

lemma  speculation.  Lemma  calculation  rewrites  the

fully-rippled  term in  the  proof  goal  by induction hy-

pothesis  to  construct  missing  wave-rules  as  lemmas,

while  lemma  speculation  introduces  higher-order

meta-variables  and  instantiations  for  further  conjec-

turing. Lemma calculation and lemma speculation are

later  implemented  in  IsaPlanner[26, 39].  Zeno[40] is  an

automated  inductive  prover,  and  can  discover  lem-

mas  by  generalization  with  a  counterexample  finder

to avoid over-generalization. PGT (Proof Goal Trans-

former  for  Isabelle/HOL)[41] can  generate  conjectures

through  generalization  followed  by  mutation  using

rewrite rules.

The above heuristic rewrite methods for top-down

lemma  discovery  are  usually  goal-directed,  specifical-

ly  generating  lemmas  that  are  strongly  related  to

proof  states.  However,  the  space  of  possible  candi-

dates  has  limited  expressiveness  because  it  is  depen-

dent on a particular set of rewrite rules and the proof

state. To solve this, some studies propose lemma enu-

meration based on generalization. AdtInd[42], based on

generalization, guides the search for lemma enumera-

tion through templates  and proves  lemmas by recur-

sively invoking AdtInd. Coq's lfind[43] tool reduces the

lemma  synthesis  problem  to  a  program  synthesis

problem by first generalizing the proof goal and using

input-output  examples  to  guide  the  synthesis  of  ex-

pressions to complete the generalized goal. Since enu-

meration-based  methods  generate  advantageous  can-

didate  conjectures,  it  is  necessary  to  design  filtering

and ranking techniques. AdtInd filters candidate lem-

mas primarily through fast counterexample testing us-

ing the SMT solver Z3[7], while lfind employs a multi-
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stage strategy combining counterexample search, triv-

iality  and  redundancy  checking,  and  proof-based

ranking. In particular, template-based methods are al-

so  a  widely  employed  method  to  filter  valuable  con-

jectures, such as TBC (template-based conjecturing)[44].

Template-based  methods  are  also  used  in  bottom-up

theory exploration tools for conjecturing.

 3.2    Bottom-Up Theory Exploration

The  concept  of  theory  exploration  was  originally

introduced by Buchberger's Theorema system[45]. The-

ory  exploration[45–47] refers  to  the  exploration process

of  mathematical  discovery  that  systematically  gener-

ates conjectures and theorems from a given set of ax-

ioms  and  definitions  within  a  formal  mathematical

theory.  While traditional  theorem proving focuses on

verifying  the  truth  of  specific  conjectures,  theory  ex-

ploration  aims  to  discover  new  mathematical  knowl-

edge.  The goal  is  to enrich mathematical  theories by

automatically discovering interesting and useful theo-

rems,  thereby  expanding  the  knowledge  base  avail-

able  for  further  mathematical  reasoning  and  proof

construction.

In  this  subsection,  we  categorize  theory  explo-

ration into three types of methods, as shown in Fig.3:

generate-and-test,  template-based,  and deductive-rea-

soning  methods.  We also  introduce  some  studies  ex-

ploring specific theories.

 3.2.1    Generate-and-Test Methods

Since  conjectures  and  theorems  are  formulas,  a

natural  approach  is  to  enumerate  formulas  up  to  a

certain bound and then test the formulas on some ex-

amples/instances or provers.

x, f(x), f(f(x)), . . .

Model-based  conjecture  searching  (MCS)[48] enu-

merates terms like  within a cer-

tain  bound  and  constructs  equational  conjecture  for-

mulas  from  terms.  Then  each  formula  is  tested

against  finite  models  generated  from  the  input  ax-

ioms.  If  a  formula  passes  the  test,  it  is  considered  a

candidate  conjecture.  To avoid  the  generation  of  too

many  formulas,  variable  renaming  and  rewrite  rules

are used to eliminate redundant conjectures.

a× b = c

a× a = a

Like MCS, HR[49] uses models generated from ax-

ioms  and  proves  conjectures  by  OTTER[4].  The  key

distinction of HR is its ability to invent new concepts

from existing ones through 10 production rules (PR).

These  production  rules  transform  concepts  to  gener-

ate  novel  mathematical  concepts  similar  to  AM[50].

For  example,  starting  with  the  multiplication  in

group theory ( ),  HR can invent the concept

of idempotent elements ( ). The iterative for-

mation  of  concepts  is  driven  by  heuristic  search  and

pruning. HR generates conjectures for concepts based
 

Axioms &
Definitions

Enumerate
Terms & Concepts

Construct
Formulas

Prover/Model
Testing

Candidate
Conjectures

Filter

f : A×
A → A
x : A

x
f(x,   x)

f(x,  (x,  x))

f(x,  x)=x

···

...

e.g., MCS, 
IsaCoSy,

QuickSpec

(a)

Theorem
Templates

Axioms &
Definitions

Instantiate
Templates

Specific
Conjectures

e.g., Theorema,
IsaScheme,
RoughSpec

(b)

Axioms &
Definitions

Deductive
Reasoning

Logical
Consequences

Filter

Proven
Conjectures

e.g., AGInT,
MATHsAiD,

SRL-FD

(c)

∀f,  x,  y.  
f(x,  y) =f(y,  x)

∀f,  g,  x.  
f(g(x)) =g(f(x))

∀x,  y.  
x +y = y + x

Fig.3.  Three types of methods for bottom-up theory exploration. (a) The generate-and-test methods generate conjectures through
enumeration and filter  them using provers  or  model  testing.  (b)  The template-based methods use  user-defined theorem templates
(shown as examples) to constrain the search space and generate specific conjectures. (c) The deductive-reasoning methods apply in-
ference rules to derive theorems with guaranteed correctness, using filters to identify interesting ones.

50 J. Comput. Sci. & Technol., Jan. 2026, Vol.41, No.1



on  models,  including  non-existence,  equivalence,  and

implication conjectures; then it proves them and adds

counterexamples  to  the  models.  HR  has  performed

case  studies  on  algebra,  graph  theory,  and  number

theory.

Similarly,  bottom-up  theory  exploration  is  also

employed  in  inductive  theorem  proving  to  generate

auxiliary  lemmas.  IsaCoSy[27],  built  on  Isabelle[10],  is

the  first  theory  exploration  system  specifically  de-

signed  to  generate  inductive  conjectures.  While

IsaCoSy shares with MCS[48] the key idea of generat-

ing  only  irreducible  terms,  it  differs  by  employing  a

growing  set  of  rewrite  rules  during  exploration.

IsaCoSy tests conjectures by Isabelle's  counter-exam-

ple  finder  and  prover  IsaPlanner[39].  IsaCoSy  per-

forms experiments on recursive theories (such as nat-

ural  numbers,  lists).  However,  IsaCoSy  is  bottle-

necked by frequent calls to Isabelle.

QuickSpec[51] is  a  lightweight  theory  exploration

system  to  find  equational  properties.  QuickSpec  uti-

lizes Haskell's  property-based testing tool[52] to parti-

tion  equivalence  classes  for  each  term.  Since  it  only

constructs  equality  conjectures  for  terms  within  the

same equivalence class, it can filter out a large num-

ber of non-theorems. Although lacking proof capabili-

ty and completeness, it significantly improves efficien-

cy compared with other systems like IsaCoSy. Quick-

Spec has become a foundation for many theory explo-

ration systems or automated theorem provers[46, 53, 54].

Some work used generated conjectures as lemmas

to prove more advanced theorems, surpassing the ca-

pabilities  of  provers  like  CLAM[25],  Zeno[40]. Table 1

shows  the  experimental  result  of  adding  conjectures

generated  by  theory  exploration  to  theorem proving.

HipSpec[46] integrates  QuickSpec  into  the  automated

theorem prover Hip[55]. HipSpec successfully proved 47

out  of  50  difficult  theorems  from  benchmark  in  the

TIP  (Tons  of  Inductive  Problems)[56] library,  com-

pared with CLAM (41) and Zeno (21), making it one

of the most advanced lightweight provers at the time.

Similarly,  Hipster[57] uses  QuickSpec  as  a  subsystem

to  generate  conjectures  and  supports  the  discovery

and proof in Isabelle/HOL.

Theory  exploration  systems  like  QuickSpec  still

face  issues  such  as  search  space  explosion.  To  opti-

mize  these  enumeration-based  methods,  some studies

introduce additional data structures or integrated de-

ductive  reasoning  to  reduce  redundant  search  space

and  alleviate  performance  bottlenecks.  Spectacular[58]

significantly reduces the search space by constructing

equation  graphs,  enabling  it  to  generate  more  equa-

tional  conjectures  compared  with  QuickSpec.  TheSy

(Theory  Synthesizer)[59] utilizes  a  syntax-guided  enu-

merative  method  to  generate  formulas,  but  repre-

sents them using symbolic values, deriving equational

conjectures  through  deductive  inference  to  avoid  the

bottleneck of testing with models. The template-based

methods  mentioned  below  also  constrain  the  search

space by restricting the family of conjectures.

 3.2.2    Template-Based Methods

Since  enumeration-based  methods  may  generate

vast irrelevant conjectures, some studies introduce us-

er-defined  templates  to  enhance  conjecture  relevance

and  constrain  the  search  space.  These  templates  are

often  defined  using  higher-order  logic  and  metavari-

ables.  Across  different  studies,  templates  may be  de-

scribed with varying terminology, such as schemas or

patterns,  which  are  uniformly  referred  to  as  tem-

plates in this work.

Theorema[45] represents  an  early  pioneering  effort

in employing templates for theory exploration.  It  de-

fines  templates  in  higher-order  logic  and  instantiates

the  symbols  of  current  theory  to  generate  new  con-

cepts  and  conjectures.  Like  Theorema,  IsaScheme[60]

uses  the  idea  of  user-defined  templates,  but  auto-

mates  the  instantiation  of  templates  on  top  of  the

simply-typed  lambda  calculus  of  Isabelle/HOL.  IsaS-

cheme  filters  out  trivial  conjectures  (similar  to

IsaCoSy's  irreducibility  heuristic),  then  filters  out

non-theorems  by  models,  and  finally  proves  conjec-
 

Table  1.    Evaluation of Combining Theory Exploration with Theorem Provers

Theory Exploration Benchmark Evaluation Result

with Exploration w/o Exploration

HipSpec TIP(50) HipSpec: 47/50 CLAM: 41/50, Zeno: 21/50

Hipster TIP(135) Hipster: 131/135 Zeno: 103/135, CVC4: 120/135

TheSy TIP(311) CVC4+TheSy: 260/311 Z3: 75/311, CVC4: 70/311

N N
A : X/N A X

N

Note: TIP( ) represents the evaluation subset including  theorem proving problems from the TIP dataset. In Evaluation Results,
each `` ''  means the experimental  results  of  applying the prover to theorem proving:  the prover  successfully  proved 
theorems  out  of  theorems.  Additionally,  the  first  column  in  Evaluation  Results  corresponds  results  of  applying  its  theory
exploration system to theorem proving.
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tures using IsaPlanner[39].

QuickSpec  2.0[53] gives  priority  to  generating  the

most  general  instances  by  enumerating  templates  to

avoid more redundancy compared with QuickSpec[51].

RoughSpec[54], as an extension of QuickSpec, employs

a  template-based  exploration  approach  like  Theore-

ma and IsaScheme. The difference is that RoughSpec

proposes  a  hybrid  method  that  uses  QuickSpec  for

smaller  conjectures  and  templates  for  more  complex

properties, thereby combining the advantages of enu-

meration-based and template-based methods.

Current  template-based  methods  can  effectively

generate  conjectures  with  specific  forms,  but  provid-

ing high-quality templates still relies on users' experi-

ence.  Existing  research  has  also  explored  extracting

template datasets from corpus, such as LOL[61], which

is extracted from Isabelle's  Archive of Formal Proofs

(AFP) and can be used for downstream tasks like au-

tomated conjecturing.

 3.2.3    Deductive-Reasoning Methods

Deductive-reasoning  methods  start  from  axioms

and previously derived theorems, repeatedly applying

inference rules to generate new theorems. These meth-

ods  are  complete,  which  means  that  given  sufficient

resources,  they  can  discover  all  provable  theorems

from  a  set  of  axioms.  However,  this  completeness

comes at the cost of computational intractability: the

search  space  grows  exponentially  with  inference

depth,  making  exhaustive  exploration  infeasible  for

complex  theories.  The  quality  of  generated  theorems

depends heavily on the reasoning engine, including in-

ference rules, search strategies, and heuristics. Conse-

quently,  they  typically  serve  as  auxiliary  tools  for

mathematicians to find more theorems in theory.

AGInT  (Automated  Generation  of  Interesting

Theorems)[62] is  a  system  for  first-order  logic.  This

system generates a set of logical results from a group

of  axioms  using  a  first-order  prover  named  E[6] as  a

reasoning  engine,  and  then  utilizes  runtime  filters  to

identify  interesting  theorems.  AGInT  was  evaluated

in the context of logical puzzles (puz) from set theory

and the TPTP library[63].

MATHsAiD[64] is  a theory exploration system de-

signed for mathematicians, which allows users to pro-

pose various hypotheses and interesting terms for fur-

ther  exploration  manually.  It  has  three  components:

the  hypothesis  generator  (HG),  theorem  generator

(TG),  and theorem filter  (TF).  TG gets  a set  of  hy-

Hk

Gk Tk

potheses  (like  A  is  a  natural  number),  ranging

from  simple  to  complex,  generated  by  HG.  During

forward-chaining exploration, TG maintains two theo-

ries:  a  generating  theory  and  a  trivial  theory ,

and retains  only  conclusions  that  could  be  generated

by the generating theory but could not be proven by

the trivial theory as follows:
 

Ck = {c : Hk ⊢Gk
c and Hk ⊬Tk

c}.

Then  TF  performs  filtering  by  redundancy  and  sim-

plicity  tests.  Based  on  the  previous  MATHsAiD,

MATHsAiD  2.0[65] integrates  backward  and  forward

reasoning, enabling the layered exploration of higher-

level  theories,  such  as  Zariski  spaces.  Gao et  al.[66]

proposed the SRL-FD method (strong relevant logic-

based  forward  deduction  method).  Strong  relevant

logic[67] is a non-classical logic that requires relevance

between  premises  and  conclusions.  This  method  has

been  systematically  applied  in  case  studies  involving

NBG  (von  Neumann–Bernays–Gödel)  set  theory,

Tarski's geometry, and Peano arithmetic.

 3.2.4    Exploration in Specific Theories

While the above methods primarily focus on gen-

eral  theory  and  theorem  proving,  theory  exploration

has also been reflected in scientific discovery, especial-

ly  in  mathematics.  These  approaches  emphasize  dis-

covering  novel  conjectures  and  invariants  in  specific

mathematical  domains  such  as  graph  theory  and  ge-

ometry,  often  combining  symbolic  reasoning  with

heuristics and specific theory knowledge.

Early pioneering systems demonstrated the poten-

tial  of  automated  conjecturing  in  mathematical  do-

mains.  Automated  Mathematician  (AM)[50] and  its

successor  Eurisko[68] are  among the  earliest  discovery

systems.  AM can  generate  concepts  like  disjoint  sets

and prime numbers. AM successfully generates conjec-

tures including Goldbach's conjecture and the unique

factorization  theorem  through  heuristic  exploration.

However,  these  early  efforts  often  merely  rediscover

existing  theorems,  lacking  truly  innovative  conjec-

tures. Tang and Lin[69] modeled game theory, particu-

larly (pure) Nash equilibria, using first-order logic and

checked  by  finite  models.  This  study  discovers  new

classes of games and provides automated tools for the

classification and structural analysis of game theory.

The exploration of graph theory has led to sever-

al  successful  automated  conjecturing  systems.  The

GT  system[70] can  discover  new  mathematical  con-
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cepts,  generate  conjectures,  and  prove  theorems  in

graph  theory.  Graffiti[71] represents  a  significant  ad-

vance, generating conjectures based on templates like

,  with  a  graph-theoretic  invariant  set  and vali-

dating  them  on  a  graph  data  library.  Unlike  earlier

systems like AM and GT, Graffiti  successfully gener-

ated  novel  research  conjectures,  with  its  discovered

graph-theoretic  quantities  leading  to  numerous  pub-

lishable  mathematical  papers.  TxGraffiti[72] extends

Graffiti  by  incorporating  linear  programming  to  for-

mulate bounds of conjectures.

Automated conjecturing in geometry has seen sig-

nificant  research[73].  The pioneering work of  Wu[74] is

the  cornerstone  of  automated  reasoning  in  geometry.

Wu's  characteristic  set  method  was  used  to  discover

geometry  theorems[75].  Following  that,  Bagai's  sys-

tems[76] incrementally  generate  geometric  situations

(basic geometric objects such as points and lines), test

consistency  using  a  prover  based  on  Wu's  algebraic

method, and derive theorems from inconsistency. Sim-

ilarly,  GeoGebra  Discovery[77] generates  conjectured

properties  related  to  given  points,  and  these  proper-

ties  are  verified  by  symbolic  Gröbner-basis  computa-

tions[78].  There are also methods using deductive rea-

soning. Chou et al.[79] proposed a deductive approach

that  constructs  a  geometric  deductive  database  sys-

tem to find all properties (fixed points) of a given ge-

ometric configuration by repeatedly applying geomet-

ric  rules.  Peng et  al.[80] proposed  to  construct  vector

equations from geometric shapes and apply the elimi-

nation rule to derive the polynomial relations.

 4    Data-Driven Approaches

m,n

m+ n = n+m

n

n+ (n+ 1) = (n+ 1) + n

In recent  years,  much progress  has  been made in

machine learning. We can formulate conjectures from

data (experimental data or formal corpora). As a mo-

tivating example,  suppose we have the following two

concrete  examples  or  facts:  3  +  4  =  7,  4  +  3  =  7.

What  kind  of  conjectures  can  we  infer  from  these

equations?  One may infer  that,  for  all  integers ,

. Or one may conclude with a stronger

conjecture  like,  for  all  natural  numbers ,

 is a prime number. The lat-

ter is not valid.

Data-driven  methods  to  automated  conjecturing

constitute a different paradigm from purely symbolic

methods,  as  they  learn  potential  patterns  from  nu-

merical  data  and  formal  corpora.  This  section  re-

views these methods, which fall into these categories:

1) data-driven scientific discovery systems, 2) statisti-

cal  analogy  learning  methods,  3)  neural  methods

based  on  LLMs,  and  4)  theorem  generation  for  syn-

thetic  data.  The  basis  for  the  classification  is  as  fol-

lows.

● Application.  Scientific  discovery  systems  focus

on  domain-specific  research,  while  statistical  analogy

learning  and  neural  methods  are  general-purpose

across diverse domains in logical systems.

● Data. Scientific discovery systems primarily an-

alyze  numerical  experimental  data.  Statistical  analo-

gy learning and neural methods learn syntax and se-

mantics  from  formal  corpora.  Theorem  generation

provides synthetic data for further data-driven train-

ing.

● Technique. Statistical analogy learning methods

use traditional  techniques (e.g.,  clustering) for analo-

gy  discovery.  Neural  methods  leverage  deep  learning

architectures,  particularly  LLMs,  to  generate  novel

conjectures.

 4.1    Data-Driven Scientific Discovery

Systems

With  the  advancement  of  machine  learning  tech-

niques,  several  studies  have  demonstrated the  poten-

tial  of  data-driven discovery in mathematics  and sci-

ence  by  learning  from  experimental  data. Table 2

shows  some  valuable  and  well-formed  conjectures

from scientific discovery studies.
  
Table  2.    Example of Conjecture Generation in Specific Do-
mains

Work Conjecture

BACON[81]
d3[(a− k2)/t]2 = k3Kepler's third law: 

AGX[82]
l(G) ≤ Ra(G)Randic index: 

Ramanujan[83] 4

3π − 8
= 3−

11

6−
2× 3

9−
3× 5

12− . . .

AI Feynman[84]

H =

√
8πG

3
ρ−

kf c
2

a2f

Friedman equation:

 

The BACON program[81] automates scientific  dis-

covery based on experimental data to formulate scien-

tific laws. This early work established the foundation

for  data-driven  methods  by  showing  that  meaningful

conjectures  could  emerge  from systematic  analysis  of

empirical data.

AutoGraphiX (AGX)[82, 85] was a pioneering data-

driven  system  for  graph  conjectures.  It  uses  a  vari-
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able neighborhood search (VNS) metaheuristic to ex-

plore extremal values of  graph invariants such as di-

ameter,  independence  number,  and  chromatic  num-

ber across a database of graphs. While early versions

rely  on interactive  analysis,  the later  version propos-

es three methods to generate conjectures automatical-

ly[85]: 1) a numerical method based on principal com-

ponent  analysis  (PCA),  2)  a  geometric  method  that

constructs  convex  hulls  to  yield  linear  inequalities,

and 3) an algebraic method that derives new inequali-

ties based on known formulas.

In the domain of mathematical constants, the Ra-

manujan  Machine[83] generates  conjectures  in  contin-

ued fraction identities by enumerating polynomial co-

efficients and validating them based on the numerical

properties  of  mathematical  constants.  A  generation

method based on sampling and gradient  descent was

also  proposed.  These  approaches  combine  enumera-

tion and data-driven learning to discover novel math-

ematical  relationships  that  may  not  be  apparent

through purely symbolic reasoning.

Davies et  al.[86] established  an  interactive  frame-

work  in  which  neural  networks  learn  functions  be-

tween  mathematical  objects,  and  attribution  tech-

niques guide intuition, leading to novel conjectures in

knot  theory  and  representation  theory.  Similarly,  AI

Feynman[84] employs  neural  networks  to  discover  la-

tent structures in data,  such as symmetry or separa-

bility properties. It then uses these properties to sim-

plify  symbolic  regression  problems  recursively,  lead-

ing to the discovery of all physics equations from the

Feynman Database③.

 4.2    Statistical Analogy Learning Methods

Some  researchers  have  applied  analogy  learning

methods  to  formal  mathematics  corpora  to  discover

structural  or  semantic  patterns.  Unlike  methods  in

scientific discovery, which often rely on numerical ex-

perimental  data,  these  methods  learn  relationships

and  analogies  from  the  semantics  of  mathematical

statements.

Applications  of  statistical  methods  to  theorem

proving demonstrate promising results. ACL2(ml)[87, 88]

uses  statistical  pattern  recognition  to  suggest  auxil-

iary lemmas by analogy, discovering families of relat-

ed  theorems  through  clustering  algorithms.  It  ana-

lyzes  proof  patterns  in  the  ACL2  corpus  to  identify

similar  theorems  and  generates  candidate  lemmas

based  on  structural  similarities.  Gauthier et  al.[89]

used  statistical  analogies  extracted  from  the  Mizar

Mathematical  Library  (MML)  to  generate  conjec-

tures.  This  work  utilizes  statistical  concept

matching[90] as  an  analogical  method  to  identify  sets

of similar concepts and generate conjectures based on

similarity.  These  studies  demonstrate  that  analogy

learning techniques can effectively learn similarity and

propose valuable conjectures from large formal corpo-

ra,  thereby  reducing  search  spaces  in  theorem  prov-

ing.

 4.3    Neural Methods Based on LLM

Neural methods, driven by advances in deep learn-

ing and LLMs, have emerged as powerful approaches

to  automated  conjecturing.  Compared  with  earlier

statistical analogy learning methods, they learn more

complex  syntactic  and  semantic  patterns  from large-

scale formal corpora, thereby generating more diverse

conjectures,  which  complement  traditional  symbolic

methods.

Similar  to  the  classification  of  symbolic  methods,

neural  methods  for  automated  conjecturing  can  be

categorized  based  on  their  purposes  and  starting

points:  1)  theory  exploration  methods,  which  gener-

ate  conjectures  as  new  knowledge  from  background

without a specific proof goal, and 2) lemma discovery

methods,  which  are  goal-directed  to  generate  auxil-

iary conjectures for proving a target theorem.

 4.3.1    Neural Methods for Theory Exploration

Early  work  demonstrated  the  potential  of  neural

methods  for  automated  conjecturing.  In  the  first  ex-

periments  of  neural  methods,  Urban  and  Jakubuv[91]

applied a GPT-2 model to a dataset derived from the

Mizar  Mathematical  Library.  The  model  successfully

generates  novel  and  syntactically  correct  conjectures

in formal language, although its outputs also contain

redundancies  and  non-theorems.  Another  early  effort

was  made  by  Rabe et  al.[92],  who  trained  a  language

model  for  mathematical  reasoning  on  the  HOList

dataset[93].  The  model  performs  various  tasks  includ-

ing  type  inference,  hypothesis  completion,  and  free-

form  conjecturing,  achieving  the  result  of  generating

12% to 26% non-redundant and provable conjectures.
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Recent work has further  explored the capabilities

of LLMs for conjecturing. Johansson and Smallbone[94]

conducted  a  systematic  comparison  of  GPT-3.5  and

GPT-4  against  symbolic  methods  for  theory  explo-

ration, demonstrating that augmenting these symbol-

ic  methods  with  LLMs  could  generate  more  diverse

conjectures.  MINIMO  (Mathematics  from  Intrinsic

Motivation)[95] presents a conjecturing-proving loop: a

language model generates conjectures from axioms for

a prover model to attempt. Crucially, the system ex-

tracts provable conjectures and proofs from their fail-

ure proof search trees. This iterative feedback mecha-

nism  continuously  improves  the  system's  perfor-

mance in both conjecturing and proving over time.

Recognizing the  complementary strengths  of  neu-

ral  and  symbolic  methods,  LEMMANAID[96] uses

LLMs  to  generate  lemma  templates  and  symbolic

methods to instantiate them as Isabelle/HOL conjec-

tures.  The  LLMs suggest  appropriate  analogous  lem-

ma patterns likely to be relevant to the theory, while

symbolic  instantiation  ensures  formal  correctness.

This  neural-symbolic  hybrid  method  demonstrates

that  combining  data-driven  pattern  learning  with

symbolic reasoning can generate more diverse and rel-

evant  conjectures,  representing  a  promising  direction

for future research.

 4.3.2    Neural Methods for Lemma Discovery

For  proving  a  target  theorem,  neural  methods

have been applied  to  generate  immediate  conjectures

as  useful  auxiliary  lemmas.  Valuable  conjectures  can

decompose  complex  theorems  modularly  and  recur-

sively and provide high-quality guidance for proof.

A prominent direction in neural methods for lem-

ma  discovery  is  the  generation  of  planning  or  proof

sketches,  which  serve  as  intermediate  subgoal  struc-

tures  before  proving  with  conjectures.  LEGO-

Prover[97] prompts LLMs to generate subgoal lemmas,

then  proves  theorems  in  a  block-by-block  manner

with  a  growing  lemma  library.  Draft,  Sketch,  and

Prove (DSP)[98] uses informal mathematical proofs to

generate  formal  proof  sketches  with  sequences  of  in-

termediate  conjectures;  these  decomposed  subgoals

are then discharged by automated provers like Sledge-

hammer[22].  DSP+[99] revives  the  DSP  method  with

fine-grained  neural-symbolic  enhancements  at  each

stage, achieving performance comparable to reinforce-

ment learning approaches without requiring addition-

al  model  training.  POETRY[100] recursively  generates

verifiable  proof  sketches  with  intermediate  conjec-

tures,  solving  them  at  progressively  deeper  levels.

Compared  with  the  DSP  method,  the  POETRY

method supports a deeper, recursive decomposition of

problems  or  conjectures.  Following  this  recursive  de-

composition  paradigm,  several  recent  studies  (e.g.,

BFS-Prover-V2[101],  DeepSeek-Prover-V2[102],  Delta

Prover[103], and Seed-Prover[104]) further leverage such

structured reasoning within LLMs.

Recent  advances  have  further  enhanced  LLMs'

lemma  discovery  capability  through  reinforcement

learning.  Kimina-Prover[105] employs  large-scale  rein-

forcement  learning  with  structured  reasoning  pat-

terns,  guiding  models  to  generate  intermediate  steps

and  subgoals  that  simulate  human  problem-solving

strategies.  StepFun-Prover[106] integrates  tool-based

reinforcement  learning  with  Lean's  feedback,  en-

abling iterative refinement of proof strategies through

step-by-step verification and sub-lemma generation.

 4.4    Theorem Generation for Synthetic Data

The  datasets  for  theorem proving  problems  often

come  from  manually  written  corpora,  leading  to  a

challenge of data scarcity. Some work creates datasets

from existing  corpora  and  manual  curation.  A direct

application  of  automated  conjecturing  is  to  generate

more theorems (and proofs), which can alleviate data

scarcity in data-driven methods. It enables the gener-

ation  of  large-scale  training  data  essential  for  neural

models[105, 107]. Previous automated conjecturing stud-

ies  provide  valuable  theorems  to  corpora.  For  exam-

ple,  HR[49] generates  184  theorems  that  were  accept-

ed  into  the  TPTP  library[63].  In  this  subsection,  we

discuss  recent  efforts  in  synthesizing  theorem  data.

Table 3 summarizes  the  relevant  synthetic  data  gen-

eration work discussed in this subsection.

Rule-based  generators  can  produce  new  theorem

data by iteratively sampling inference rules, similar to

the  deductive-reasoning methods  mentioned above  in

theory exploration. Firoiu et al.[108] developed a theo-

rem  synthesizer  called  FwdP,  which  generates  new

theorems by applying resolution from axioms through

random  sampling.  These  synthesized  theorems  were

used  to  train  neural  provers,  achieving  superior  per-

formance  in  both  time  and  search  steps  compared

with the E-prover. MetaGen[109] employs a neural gen-

erator to create human-like handwritten theorems, it-

eratively  applying  substitution  rules  to  derive  new

Jian Zhang et al.: Automated Conjecturing and Theorem Finding: A Survey 55



theorems.  Alchemy[113] utilizes  the  Lean  mathlib  cor-

pus, expanding the number of theorems from 110k to

6  million  through  symbolic  perturbation.  The  INT

benchmark[110] and  AIPS (Algebraic  Inequality  Prov-

ing  System)[112],  containing  1.5  million  and  191k  in-

equality  problems,  respectively,  use  theorem  genera-

tors  that  sample  axioms  and  morph  trivial  state-

ments to produce non-trivial theorems. AlphaGeome-

try[111],  a  geometric  theorem  prover,  synthesized  100

million  theorem  data  for  training,  achieving  gold

medal-level results in Olympic geometry proving con-

tests. These methods systematically generate non-triv-

ial theorems, aligning with the goals of theorem find-

ing.

In  addition  to  rule-based  theorem  generation,

some  studies  utilize  LLMs to  generate  new theorems

from  existing  theorem  statements.  LeanConjectur-

er[114] leverages  context  from  Mathlib  files  and  uses

LLMs  to  generate  conjectures.  These  candidates  are

filtered by Lean to discard invalid, redundant, or triv-

ial  ones.  The  high-quality  conjectures  were  incorpo-

rated  into  the  subsequent  iteration.  STP  (Self-Play

Theorem Prover)[115],  similar to MINIMO[95],  employs

a  conjecturing-proving  self-play  training  method.

However,  STP places greater emphasis on generating

similar  high-quality  conjectures  from  existing  theo-

rems,  rather  than  simulating  an  increasingly  ad-

vanced  exploration-proof  process.  STP  generates  2

million  conjectures  over  24  iterations,  while  its

trained prover achieves state-of-the-art performance.

Furthermore, some research has focused on gener-

ating  useful  intermediate  lemmas  from  successful

proofs.  Mathematicians  can  identify  modular  and

reusable  theorems,  significantly  simplifying  theorem

proving. The REFACTOR[117] method represents the-

orems  as  connected  components  in  proof  trees  and

trains neural classifiers on these components to identi-

fy  valuable  lemmas.  The ATG (Automated Theorem

Generation)[116] benchmark  from  Metamath  adopts  a

self-play  method:  it  uses  graph  neural  networks  to

represent  existing  theorem  relationships,  then  em-

ploys Monte Carlo Tree Search (MCTS) to iterative-

ly  select  a  state  and  action  to  expand.  LEGO-

Prover[97] maintains a growing library of lemmas gen-

erated  by  LLMs  for  modular  proof  construction  and

evaluates  them  by  frequency  of  reuse  in  updated

proofs.

 5    Interestingness of Conjectures

In the automated conjecturing studies described in

previous sections, it has been observed that automat-

ed systems frequently generate numerous meaningless

or uninteresting conjectures.  Consequently,  the inter-

estingness of conjectures has become equally crucial in

automated  conjecturing  research.  In  this  section,  we

will  discuss  the  heuristic  and  pruning  strategy,  and

the evaluation of the interestingness of generated con-

jectures.

 5.1    Heuristic and Pruning Strategy

The  filtering  of  uninteresting  conjectures  is  em-

ployed as a pruning strategy to reduce the number of

 

Table  3.    Summary of Synthetic Data Generation

Method Synthetic Dataset Language (Source) ×103Source Size ( ) ×103Data Size ( )

Rule-based FwdP[108] TPTP (TPTP)④ 1.0 500.0

MetaGen[109] MetaMath (set.mm) 21.7 10 000.0

INT[110] DSL (Inequality) – 1 500.0

AlphaGeometry[111] DSL (Geometric) – 100 000.0

AIPS[112] DSL (Inequality) – 191.0

Alchemy[113] Lean (Mathlib) 110.0 6 000.0

LLM-based LeanConjecturer[114] Lean(Mathlib) – 4.0

STP[115] Lean(Lean-Workbook) 89.0 2 000.0

Lemma-based ATG[116] MetaMath (set.mm) 3.5 70.0

REFACTOR[117] MetaMath (set.mm) 27.2 1.9

LEGO-Prover[97] Isabelle (miniF2F) 0.5 22.5

Note: Language (Source) represents the language style of synthetic data with the source where the dataset is generated from. DSL
means  domain-specific  language.  Source  Size  represents  the  number  of  theorems  or  problems  used  for  generation  in  the  source.
Dataset Size represents the number of theorems or lemmas in synthetic data.
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generated  theorems.  Colton et  al.[118] proposed  some

dimensions  of  interestingness,  including  empirical

plausibility and novelty. As for empirical plausibility,

which means that false conjectures are uninteresting,

some  automated  conjecturing  systems,  such  as

MCS[48],  Graffiti[71],  and  HR[49],  use  data  (such  as

graph  data)  or  models  to  keep  empirical  plausibility

by  filtering  out  non-theorems.  QuickSpec[51] also

adopts  a  similar  idea  to  filter  out  non-theorems  by

equivalence classes formed by the models. As for nov-

elty, MCS[48] and HR[49] use rewrite rules to filter out

redundant terms or concepts. Similarly, IsaCoSy[27] fil-

ters  redundant  and  trivial  conjectures  by  growing

rewrite rules and also filters out non-theorems to keep

plausibility by using Isabelle's counterexample check-

ing tool QuickCheck[119] and the prover IsaPlanner[39].

MATHsAiD[64] ensures non-triviality by maintaining a

generating  theory  and a  trivial  theory ,  retain-

ing only those conjectures  that cannot be proven by

the  trivial  theory.  Based  on  these  studies,  we  can

summarize  several  characteristics  of  uninteresting

conjectures:  1)  non-theorems,  2)  redundant,  and  3)

trivial.

A ≤ Bi

A ≤ C

C(G) < Bi(G) i

i(G) ≤ i(G) + 1

Graffiti[71] pioneers several influential heuristics for

filtering and evaluating conjectures based on novelty.

The  Dalmatian  heuristic  requires  stronger  conjec-

tures  so  that  they  contribute  new  information.  For

example, if conjectures of the form  already ex-

ist,  a new conjecture  will  pass the Dalmatian

heuristic if there exists at least one graph G for which

 for  all .  This  indicates  that  the  new

conjecture  provides  novel  information  for  graph G.

The  Beagle  heuristic  focuses  on  detecting  trivial  or

tautological  conjectures,  such  as .  If

two graph invariants in a conjecture are semantically

similar,  the  Beagle  heuristic  discards  those  trivial

ones.  Larson's  program[120],  based  on  Graffiti  and  its

Dalmatian  heuristic,  serves  as  a  general  mathemati-

cal  discovery  system,  with  applications  extended  to

other fields such as number theory and matrix theory.

In  the  process  of  generating  concepts  through

heuristic  search  like  AM[50] and  HR[49],  each  concept

has  an  interestingness  measurement,  and  the  system

prioritizes the exploration of concepts with high inter-

estingness.  In  the  process  of  deductive  reasoning,

AGInT[62] proposes computable measurements as run-

time filters for pruning. The following are some of the

proposed measurements.

1) Obviousness:  the  number  of  inferences  in  its

derivation. Formulas that are difficult to prove are in-

teresting.

2) Complexity:  the  number  of  distinct  function

and  predicate  symbols.  Formulas  that  contain  many

different symbols are interesting.

3) Surprisingness:  formulas  that  contain  symbols

which are seldom seen together are interesting.

Vd

Vp Va

Ve

[121]  also  discussed  the  measurement  of  interest-

ing  conjectures,  including:  the  degree  of  logical  con-

nectives ⑤,  propositional  schemas  (templates)  of

formula ⑥,  abstract  level ⑦,  and  deductive  dis-

tance . By analyzing the theorems of NBG set theo-

ry,  Peano's  arithmetic,  and  Tarski's  geometry,  [121]

draws the following conclusions about these measure-

ments:  more  interesting  theorems  always  1)  have  a

lower degree of logical connectives, 2) have more fre-

quent  propositional  schemata,  3)  have  a  higher  ab-

stract level, and 4) are more difficult to deduce from

premises. In general, different studies possibly tend to

favor  different  measurements,  but  the  difficulty  of

proving  conjectures  is  a  common  important  measure

of their interestingness.

 5.2    Evaluation of Conjectures

Wang[2] proposed several  crude metrics  for  evalu-

ating  the  interestingness  of  conjectures:  1)  impor-

tance and centrality: a theorem occurs frequently dur-

ing many proofs,  and 2) deep theorem: a short theo-

rem that can only be proved with long proofs. Howev-

er,  these  indicators  are  vague  and  lack  universality,

only providing a potentially feasible idea.

Case studies are an important method for evaluat-

ing  automated  conjecturing.  In  many  studies,  espe-

cially in scientific discovery, experiments involve ana-

lyzing  automatically  generated  conjectures  and  theo-

rems within a  theory context  through expert  evalua-

tion.  Johansson et  al.[27, 46] proposed  to  evaluate  the

theorems  generated  by  IsaCoSy  using  the  Isabelle  li-

brary as a reference through precision and recall anal-

ysis. Precision analysis computes the portion of gener-

ated  theorems  that  are  shared  with  the  library.  Re-

call analysis computes the portion of the library theo-
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⑤The number of occurrences of logical connectives.

A → B (A ∧B) → C, . . . . 

⑥Propositional schemas are like , 
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⑦The depth of  predicate  and function definitions.  For  example,  predicate  is  defined on ,  thus  predicate  is  higher-level
predicate.
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rems  that  are  discovered.  For  example,  Isabelle's  li-

brary  contains  12  equational  theorems,  10  of  which

are  synthesized  by  IsaCoSy  (shared  theorems),  and

IsaCoSy  synthesizes  a  total  of  16  theorems.  Let ,

,  and  denote  the  number  of  shared  theorems,

generated theorems, and library theorems, respective-

ly. The metrics are computed as follows.
 

Precision =
ns

ng

=
10

16
= 62.5%,

Recall =
ns

nl

=
10

12
= 83.3%.

Performance analysis was also conducted for some

automated  conjecturing  systems[27, 53, 58],  especially

bottom-up  theory  exploration  systems,  covering  as-

pects such as running time, space usage, and synthe-

sis space.

An  important  application  of  conjectures  is  to

prove  more  theorems.  Therefore,  the  studies  related

to automated conjecturing and theorem proving were

often evaluated on theorem proving datasets by com-

paring  provers  that  integrate  automatically  generat-

ed conjectures with other provers. It could be consid-

ered  that  valuable  conjectures  help  provers  to  prove

more  complicated  theorems.  There  are  some  bench-

marks commonly used in theorem proving as follows.

1)  TPTP⑧ (Thousands  of  Problems  for  Theorem

Provers)[63]: a library of test problems for Automated

Theorem Proving (ATP).

2)  TIP  (Tons  of  Inductive  Problems)[56]:  bench-

marks for inductive theorem provers.

3)  miniF2F[122]:  a  unified cross-system benchmark

of 488 formal mathematics competition problems.

4)  ProofNet[123]:  a  benchmark  of  371  undergradu-

ate-level mathematics problems in both Lean and nat-

ural language.

5)  PutnamBench[124]:  a  multi-language  bench-

mark from mathematical  competition with formaliza-

tions in Lean, Isabelle, and Coq.

TIP has been used for experimental evaluation in

several  studies[46, 59, 125] related  to  inductive  theorem

proving  and  automated  conjecturing,  while  miniF2F,

ProofNet,  and  PutnamBench  have  recently  been

adopted  for  experimental  evaluation  in  many

studies[97, 98, 100] on  neural  theorem  proving  (NTP).

ICML also proposed a challenge track⑨ named Auto-

mated Theorem Generation and Proving, and provid-

ed  an  evaluation  method  using  the  ATG  dataset[116]

from set.mm[126].  Given a set of axioms and symbols,

new  theorems  are  evaluated  by  metrics  like  average

proof reduction (APR) and precision using a random

sample of problems.

 6    Challenge and Future Work

 6.1    Challenge

 6.1.1    Limitations  of  Symbolic  Conjecturing

Methods

Most  work  on  conjecturing  relies  on  symbolic

methods like heuristic enumeration and deductive rea-

soning.  Many studies  attempt to  improve  automated

conjecturing systems through various heuristic strate-

gies  and  filter  mechanisms,  such  as  interestingness

metrics  and template-based methods.  However,  these

optimizations do not fundamentally resolve the under-

lying problem of exponential conjecture space. For in-

stance, in the case of QuickSpec, exploration becomes

exceedingly difficult when confronted with large theo-

ries,  such  as  libraries  containing  over  30  functions

(HugeLists)[53].  The  explosive  growth  of  the  search

space  fundamentally  constrains  symbolic  methods  in

generating innovative conjectures with complex struc-

tures.  Symbolic  methods  lack  sufficiently  intelligent

guidance,  leading  to  significant  computational  over-

head  in  generating  and  validating  useless  and  irrele-

vant conjectures, thereby making it difficult to identi-

fy genuinely innovative ones.

 6.1.2    Limitations of Neural Conjecturing

Methods

Compared  with  traditional  symbolic  methods,

neural  methods  can  effectively  propose  relevant  con-

jectures. However, neural methods like LLMs also ex-

pose shortcomings compared with traditional symbol-

ic systems[94]. Firstly, there is the issue of controllabil-

ity  and extensivity.  LLMs function as  black-box sys-

tems  and  produce  a  limited  number  of  conjectures

with  randomness  and  hallucinations,  making  it  chal-

lenging  to  systematically  explore  the  potential  lem-

mas and control search strategies. Secondly, a critical

challenge  is  balancing  the  use  of  prior  knowledge  in

LLMs while avoiding mere recitation or memorization.
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This stems from the untransparency of neural models.

The  neural  methods  introduced  above  often  rely

on  LLMs'  reasoning  capabilities  and  experience  from

existing  proofs  to  generate  conjectures.  In  other

words, the ability to conjecture emerges as a byprod-

uct of proving and memorization. A predominant lim-

itation  is  their  propensity  to  rediscover  or  generalize

existing  theorems,  rather  than  producing  conjectures

of  genuine  novelty.  How to  specially  improve  a  neu-

ral model's capabilities for conjecturing is an open re-

search question.

 6.1.3    Limitations  of  Metrics  and  Evaluation

Methods

Currently,  the  quality  assessment  of  conjectures

primarily  focuses  on  case  studies  and  theorem  prov-

ing tasks. However, the selection of different theories

for  case  studies  or  different  theorem  proving  bench-

marks  across  various  studies  creates  significant  chal-

lenges  for  unified  evaluation  and  comparative  analy-

sis.  Consequently,  automated  conjecturing  still  lacks

unified  and  systematic  metrics  and  evaluation  meth-

ods.

Current  evaluation  methods  are  optimized  to  fil-

ter out trivial, redundant or false conjectures. Howev-

er,  they  lack  the  capability  to  identify  conjectures

with  genuine  research  potential.  This  situation  re-

flects  a  fundamental  challenge:  the  quantitative  im-

balance  between  formal  correctness  and  mathemati-

cal  creativity.  Currently,  the  accurate  evaluation  of

mathematical  value  relies  on  case  studies  conducted

by experts and lacks automated methods.

 6.2    Future Work

 6.2.1    Benchmarks and Datasets

A direct application of conjecturing is to generate

more  high-quality  theorems,  which  can  alleviate  the

scarcity in theorem proving. Table 4 shows the size of

some commonly used datasets. Obviously, the size of

the  datasets  is  insufficient  for  LLMs.  Although some

existing  work  can  synthesize  theorem  data  through

the  conjecturing  process,  the  size  of  the  datasets  is

still far behind successful domains such as code gener-

ation and computer vision. Moreover, the complexity

and  quality  of  synthesized  data  often  fail  to  match

theorems in manually crafted corpus.  The generation

of high-quality datasets through conjecturing is a sig-

nificant challenge in addressing data scarcity.

As  previously  mentioned,  the  field  of  automated

conjecturing  currently  suffers  from  a  lack  of  high-

quality  benchmarks  and  standardized  evaluation

methods, which significantly constrains its further de-

velopment.  In  a  related  discussion,  Reddy  and  Sho-

jaee[133] discussed  opportunities  and  challenges  for

generative  AI  in  scientific  discovery,  which  can  be  a

reference  for  automated  conjecturing,  highlighting

several key directions: 1) developing benchmarks that

focus  on  innovative  scientific  discovery  rather  than

replication,  2)  creating  multifaceted  evaluation  met-

rics for scientific discovery to assess novelty and gen-

eralizability,  and  3)  involving  domain  experts  in  the

design and evaluation of datasets.

 6.2.2    Neural-Symbolic Methods

Neural  methods  for  conjecturing  are  promising.

The integration of neural methods (LLMs) with sym-

bolic methods and symbolic tools like theorem provers

represents  a  potentially  important  research  direction

for  the  future.  Neural-symbolic  methods  effectively

mitigate  LLM limitations  such  as  hallucinations  and

lack  of  controllability,  leading  to  more  accurate  and

trustworthy  conjecturing  and  proving.  Current  neu-

ral-symbolic  methods  only  remain  at  a  shallow  inte-
 

Table  4.    Some Commonly Used Datasets for Different Formal Systems

Dataset Language ×103Size ( ) Source

CoqGym[127] Coq 71 123 projects from GitHub

PISA[128] Isabelle 183 AFP, Isabelle standard library

FVELER[129] Isabelle 29 seL4[16]

LeanDojo[130] Lean 98 Mathlib

Lean-Github[131] Lean 28 GitHub projects

NuminaMath-Lean[105] Lean 104 NuminaMath 1.5 dataset[132]

HOList[93] HOL Light 32 Kepler conjecture

set.mm[126] MetaMath 38 Classical logic, ZFC

TPTP[63] TPTP 26 –

Note: Size indicates the number of theorem proving tasks in the dataset.
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gration  level,  such  as  neural  generation  of  templates

and  symbolic  instantiation[96].  Ultimately,  we  hope

that neural-symbolic architectures will eventually com-

bine  the  powerful  learning  capability  of  neural  mod-

els  with the controllability and completeness  of  sym-

bolic methods and tools for automated conjecturing.

 6.2.3    Cross Domain Transfer and Intersections

A key  limitation  of  current  automated  conjectur-

ing systems is  their  specialization.  Most  methods are

designed and evaluated within a closed mathematical

domain (e.g., graph theory or number theory) within

an  experiment,  rarely  producing  conjectures  across

different  domains.  Symbolic  methods  are  constrained

by their search space, making them difficult to apply

to exploration with multiple domains. By comparison,

analogy learning and neural methods still lack the ca-

pacity to grasp the deep semantic structures and ab-

stract relations across different domains, remaining at

the  level  of  similarity  rather  than  structural  isomor-

phism. This is a significant barrier to achieving truly

novel  discovery,  as  major  mathematical  advances  of-

ten stem from cross-domain analogies and conceptual

intersections.  Future  research  should  prioritize  cross-

domain structural reasoning, such as knowledge graph

and meta-learning.

 7    Conclusions

This  survey  provided,  to  the  best  of  our  knowl-

edge,  the  first  comprehensive  framework of  automat-

ed  conjecturing  and  theorem  finding  methods.  We

categorized  them  into  symbolic  methods  (top-down

lemma  discovery  and  bottom-up  theory  exploration)

and data-driven methods (statistical analogy learning

and  neural  methods  with  LLMs).  Data-driven  meth-

ods also incorporate related data-driven scientific dis-

covery and synthetic data generation techniques.  We

reviewed  strategies  and  evaluation  methods  of  inter-

estingness,  which  are  crucial  for  distinguishing  novel

conjectures  from  trivial  results.  Finally,  automated

conjecturing faces key challenges including the limita-

tions of symbolic methods, neural methods, and eval-

uation  methods.  Future  research  directions  focus  on

developing  high-quality  benchmarks  and  standard-

ized  evaluation  methods,  advancing  neural-symbolic

methods, and conjecturing cross different domains.
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